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ABSTRACT
Tracing computations is a widely used methodology for pro-
gram debugging. Lazy languages, in particular, pose new
demands on tracing techniques since following the actual
trace of a computation is generally useless. Typically, they
rely on the construction of a redex trail, a graph that de-
scribes the reductions of a computation and its relationships.
While tracing provides a significant help for locating bugs,
the task still remains complex. A well-known debugging
technique for imperative programs is based on dynamic slic-
ing, a method to find the program statements that influence
the computation of a value for a specific program input.

In this work, we introduce a novel technique for dynamic
slicing in lazy functional logic languages. Rather than start-
ing from scratch, our technique relies on (a slight extension
of) redex trails. We provide a method to compute a cor-
rect and minimal dynamic slice from the redex trail of a
computation. A clear advantage of our proposal is that one
can enhance existing tracers with slicing capabilities with a
modest implementation effort, since the same data structure
(the redex trail) can be used for both tracing and slicing.

Categories and Subject Descriptors
D.2.5 [Software Engineering]: Testing and Debugging;
D.1.1 [Programming Techniques]: Applicative (Func-
tional) Programming

General Terms
Languages, Theory
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1. INTRODUCTION
Modern functional logic languages like Curry [10] and Toy

[13] combine the most important features of functional and
logic languages, e.g., lazy evaluation and non-determinism
(see, e.g., [8]). Due to the complexity of their operational se-
mantics, following the actual trace of a computation is often
useless. In the context of (purely) functional lazy languages
like Haskell [15], this drawback is overcome by introducing
higher-level models that hide the details of lazy evaluation
(e.g., Hood [6], Freja [14], Buddha [16], and Hat [18, 21]).
Many of these approaches are based on the construction of
a redex trail [18], a directed graph which records copies of
all values and redexes (reducible expressions) of a computa-
tion, with a backward link from each reduct to the parent
redex that created it.

Recently, Braßel et al [4] introduced an instrumented ver-
sion of an operational semantics for the kernel of lazy func-
tional logic languages that returns, not only the computed
values and bindings, but also a trail of the computation. As
in the Augmented Redex Trail approach [21], this trail can
be used to perform tracing and algorithmic debugging, as
well as to observe data structures through a computation.
Moreover, the correctness of the computed trail is formally
proved, which amounts to say that it contains all (and only)
the reductions performed in a computation.

While tracing-based debugging provides a powerful tool
for inspecting erroneous computations, the task still remains
complex. A well-known debugging technique for impera-
tive programs is based on slicing [22], a method for decom-
posing programs by analyzing their data and control flow.
Roughly speaking, a program slice consists of those pro-
gram statements which are (potentially) related with the
values computed at some program point and/or variable,
referred to as a slicing criterion. Program slices are usu-
ally computed from a program dependence graph [5] that
makes explicit both the data and control dependences for
each operation in a program. Program dependences can be
traversed backwards or forwards (from the slicing criterion),
which is known as backward or forward slicing, respectively.
Additionally, slices can be dynamic or static, depending on
whether a concrete program’s input is provided or not. A
complete survey on slicing can be found, e.g., in [19].

When debugging programs, we usually start from a par-
ticular computation that outputs an incorrect value. In this
situation, dynamic slicing may help the programmer to find
the location of the bug by extracting a program slice con-
taining only the sentences whose execution influences the
incorrect value. Therefore, we are mainly interested in dy-



namic slicing [11] which only reflects the actual dependences
of the erroneous execution, thus producing smaller—more
precise—slices than static slicing [19].

To the best of our knowledge, there is no dynamic slicing
tool for lazy languages like Haskell or Curry. Therefore, our
original motivation was to fill this gap with a formal tech-
nique for dynamic slicing in lazy functional logic languages
(nevertheless, the basic ideas also apply to pure lazy func-
tional languages like Haskell). Rather than starting from
scratch, our technique relies on a slight extension of redex
trails. Basically, we extend the redex trail model in order
to also store the location, in the program, of each reduced
expression. Then, we compute a dynamic slice by first gath-
ering the reachable nodes of the redex trail—according to
the slicing criterion—and, then, deleting those program ex-
pressions which are not related to the collected nodes.

From our point of view, dynamic slicing may provide a
complementary—rather than alternative—approach to trac-
ing. A clear advantage of our approach is that one can en-
hance existing tracers with slicing capabilities with a modest
implementation effort, since the same data structure—the
redex trail—is used for both tracing and slicing.

The main contributions of this work can be summarized as
follows: (1) We introduce a flexible notion of slicing crite-
rion for a lazy functional (logic) language. Previous def-
initions (e.g., [2, 17]) only considered a fixed slicing cri-
terion (i.e., the value computed by the whole program).
(2) We formalize the concept of dynamic backward slicing
for lazy functional logic programs and show that, in this con-
text, forward slicing can be regarded as a particular case of
backward slicing. (3) We define the first (correct and mini-
mal) dynamic slicing technique for the considered programs.
(4) Finally, we show how tracing (based on redex trails) and
slicing can be combined into a single framework.

This paper is organized as follows. In the next section,
we recall the syntax of the flat language. Section 3 presents
an informal introduction to tracing and slicing in our set-
ting. Section 4 formalizes an instrumented semantics which
builds the trail of a computation including the location of
each program expression. Section 5 defines the main con-
cepts involved in dynamic slicing and introduces a method
to compute dynamic slices from a redex trail. Section 6
discusses the implementation of a debugging tool which in-
tegrates both tracing and slicing. Section 7 includes a com-
parison to related work and, finally, Section 8 concludes and
points out several directions for further research.

2. THE LANGUAGE
In this work, we consider flat programs [9], a convenient

standard representation for functional logic programs which
makes explicit the pattern matching strategy by the use
of case expressions. It constitutes the kernel of modern
declarative multi-paradigm languages like Curry [8, 10] and
Toy [13]. In addition, we assume in the following that
flat programs are normalized, i.e., let constructs are used
to ensure that the arguments of functions and construc-
tors are always variables (not necessarily pairwise different).
This is essential to express sharing without the use of com-
plex graph structures. A simple normalization algorithm
can be found in [1]. Basically, this algorithm introduces
one new let construct for each non-variable argument of a
function or constructor call, e.g., f(e) is transformed into
“let x = e in f(x).”

P ::= D1 . . . Dm

D ::= f(x1, . . . , xn) = e

Exp ∋ e ::= x (variable)
| c(x1, . . . , xn) (constructor call)
| f(x1, . . . , xn) (function call)
| let x = e1 in e2 (let binding)
| e1 or e2 (disjunction)
| case x of {pn → en} (rigid case)
| fcase x of {pn → en} (flexible case)

p ::= c(x1, . . . , xn) (flat pattern)

X = {x, y, z, . . .} (variables)
C = {a, b, c, . . .} (constructors)
F = {f, g, h, . . .} (defined functions)

Figure 1: Syntax for normalized flat programs

The syntax for normalized flat programs is shown in Fig-
ure 1, where on denotes the sequence of objects o1, . . . , on.
A program P consists of a sequence of function definitions
D such that the left-hand side has pairwise different variable
arguments. The right-hand side is an expression e composed
by variables, data constructors, function calls, let bindings
where the local variable x is only visible in e1 and e2, dis-
junctions (e.g., to represent set-valued functions), and case
expressions. In general, a case expression has the following
form (we write (f)case for either fcase or case):

(f )case x of {c1(xn1
) → e1; . . . ; ck(xnk

) → ek}

where x is a variable, c1, . . . , ck are different constructors,
and e1, . . . , ek are expressions. The pattern variables xni

are
locally introduced and bind the variables of ei. The differ-
ence between case and fcase only shows up when the argu-
ment x evaluates (at runtime) to a free variable: case sus-
pends whereas fcase non-deterministically binds this vari-
able to the pattern in a branch of the case expression.

Laziness (or neededness) of computations will show up in
the description of the behavior of function calls and case ex-
pressions. In a function call, parameters are not evaluated
but directly passed to the body of the function. In a case
expression, the outermost symbol of the case argument is
required. Therefore, the case argument should be evaluated
to head normal form i.e., a variable or an expression with
a constructor at the outermost position. Consequently, the
associated operational semantics describes the evaluation of
expressions only to head normal form. This is not a restric-
tion since the evaluation to normal form can be reduced to
head normal form computations (see, e.g., [9]).

Extra variables are those variables in a rule which do not
occur in the left-hand side. Such extra variables are intended
to be instantiated by flexible case expressions. In the fol-
lowing, we assume that all extra variables x are explicitly
introduced in flat programs by a direct circular let binding
of the form “let x = x in e”. In this paper, we call such
variables which are bound to themselves logical variables.

3. FROM TRACING TO SLICING
In this section, we present an overview of a debugging tool

for lazy functional logic languages that combines tracing and
dynamic slicing based on redex trails.

The original redex trail is a directed graph which records
copies of all values and redexes (reducible expressions) of a



main = printMax (minmax [coin, S Z])

printMin t = fcase t of {Pair x y -> printNat x}
printMax t = fcase t of {Pair x y -> printNat y}

printNat n = fcase n of {Z -> 0;
S m -> 1 + printNat m}

fst t = fcase t of {Pair x y -> x}
snd t = fcase t of {Pair x y -> y}

coin = Z or (S Z)

minmax xs =
fcase xs of
{y:ys -> fcase ys of

{[] -> Pair y y;
z:zs -> let m = minmax (z:zs)

in Pair (min y (fst m))
(max y (snd m))} }

min x y = ite (leq x y) x y
max x y = ite (leq x y) y x

ite x y z = fcase x of {True -> y;
False -> z}

leq x y = fcase x of
{Z -> False;
S n -> fcase y of

{Z -> False;
S m -> leq n m} }

Figure 2: Example program minmax

computation, with a backward link from each reduct (and
its proper subexpressions) to the parent redex that created
it [18]. The ART (Augmented Redex Trail) model of the
Haskell tracer Hat [21] mainly extends redex trails by also
including forward links from every redex to its reduct. Re-
cently, Braßel et al [4] introduced a data structure which
shares many similarities with the ART model but also in-
cludes a special treatment to cope with non-determinism
(i.e., disjunctions and flexible case structures). Let us first
review this tracing technique by means of an example.

Example 3.1. Consider the flat program1 shown in Fig-
ure 2 (inspired by a similar example in [12]), where data
structures are built from:

data Nat = Z | S Nat

data Pairs = Pair Nat Nat

data ListNat = Nil | Cons Nat ListNat

As it is common practice in functional languages, we often
use “[]” and “:” as a shorthand for Nil and Cons.

From now on, we assume that computations always start
from the distinguished function main which has no argu-
ments. The execution of the program above should compute
the maximum of the list [coin, S Z], i.e., S Z, and thus re-
turn 1. However, it produces—non-deterministically, due to
the disjunction in the definition of coin—two results, 0 and
1. Clearly, the first result is erroneous. In order to trace

1Here and in the following examples, for the sake of read-
ability, we omit some of the brackets and write function ap-
plications as in Curry. Moreover, in this section, we consider
programs that are not normalized for clarity.

main = printMax (minmax [coin, S Z])

printMin t = fcase t of {Pair x y -> printNat x}
printMax t = fcase t of {Pair x y -> printNat y}

printNat n = fcase n of {Z -> 0;
S m -> 1 + printNat m}

fst t = fcase t of {Pair x y -> x}
snd t = fcase t of {Pair x y -> y}

coin = Z or (S Z)

minmax xs =
fcase xs of
{y:ys -> fcase ys of

{[] -> Pair y y ;
z:zs -> let m = minmax (z:zs)

in Pair (min y (fst m))
(max y (snd m))} }

min x y = ite (leq x y) x y
max x y = ite (leq x y) y x

ite x y z = fcase x of {True -> y;
False -> z}

leq x y = fcase x of
{Z -> False;
S n -> fcase y of

{Z -> False;
S m -> leq n m} }

Figure 3: Slice of program minmax

the execution of this program, the considered tracing tool
builds the redex trails of both computations.

Figure 4 shows the redex trail corresponding to the first
(erroneous) computation (for the time being, the reader can
safely ignore the distinction between white and shadowed
nodes). In general, redex trails contain three types of arrows:

Successor arrows: There is a successor arrow, denoted by a
solid arrow, from each redex to its reduct (e.g., from
main to printMax in Fig. 4).

Argument arrows: Arguments of both function and construc-
tor calls are denoted by a pointer to the corresponding
expression. If the evaluation of an argument is not re-
quired in a computation, we have a null pointer for that
argument (e.g., the first argument of Pair in Fig. 4).

Parent arrows: They are denoted by dashed arrows and point
either to the redex from which they result (the inverse
of the successor arrow) like, e.g., from printMax to
main in Fig. 4, or to the expression who demanded its
evaluation, e.g., from max to fcase.

From the computed trails, the user can inspect the trace of
any computation. In our example, the tool initially shows

main -> 0

-> 1

to point out that two results were computed. If the user
selects the first (erroneous) result, 0, the following top-level
trace of the execution of main is shown:

0 = main

0 = printMax (Pair _ Z)

0 = printNat Z

0 = 0



main printMax  fcase  

minmax  

printNat  fcase  

max   

0

Pair   fcase  fcase  

Cons   

Cons   

Zfcase  ite    

coin

leq   fcase  False

Z

Figure 4: Redex trail for Example 3.1

where “_” denotes an argument whose evaluation is not
needed (i.e., a null pointer in the redex trail). Each row
shows a pair “val = exp” where exp is an expression and val

is its value. Note that function arguments appear fully eval-
uated (i.e., as much as needed in the complete computation)
in order to ease the understanding of the trace. Every trace
shows a computation from the final result (bottom line) to
the initial function call (top line) following the parent arrows
of the associated redex trail.

From the trace above, the user can easily see that the
argument of printMax is incorrect, since the second argu-
ment of constructor Pair, i.e., the maximum of the input
list, should be (S Z) rather than Z. If the user selects the
argument of printMax, the following subtrace is shown:

0 = printMax (Pair _ Z)

Pair _ Z = minmax (Z:_)

Pair _ Z = Pair _ Z

At this point, the user can conclude that the evaluation of
minmax (rather than its definition!) contains a bug since it
returns Z (the second element of Pair) as the maximum of
a list headed by Z, ignoring the remaining elements of the
list (which were not evaluated in the computation).

Now, the user can either try to figure out the location of
the bug by computing further subtraces (which ones?) or
by isolating the code fragment which is responsible of the
wrong result by dynamic slicing and, then, inspecting the
computed slice. In principle, forward and backward slicing
could be informally defined in our setting as follows:

Forward slicing: given an entry val = exp in the trace
of a computation, calculate all program constructs that are
needed to compute val from exp. Here, the slicing criterion
would be a pair of the form 〈exp, val〉.

Backward slicing: given an entry val = exp in the trace of
a computation and a pattern π—that indicates which part
of val should be “retained” and which part should be “dis-
carded”, like the projections of [17]—calculate all program
constructs that are necessary to compute the relevant part
of val—according to π—from exp. Here, the slicing criterion
would be a triple 〈exp, val, π〉.

However, if we look at the definitions above, it should be
clear that forward slicing is just a particular case of backward
slicing when the considered pattern indicates that we are
interested in the entire result. Therefore, in the following,
we focus on dynamic backward slicing.

Our proposal for integrating tracing and debugging can
be summarized as follows:

• Firstly, the user runs a tracing tool that shows the
execution trace of the considered computations.

• When an entry val = exp of some trace is found er-
roneous, the user selects this entry (and, optionally, a
pattern π for val if only part of the result is of interest).

• Now, the original program is shown to the user in such
a way that the expressions in the computed slice are
clearly distinguishable (e.g., by using a different color).

We consider that patterns for slicing are built from construc-
tor symbols, the special symbol ⊥ (which denotes a subex-
pression of the value whose computation is not relevant), and
⊤ (a subexpression which is relevant). Consider, e.g., the fol-
lowing slicing criterion: 〈minmax (Z : ), Pair Z, Pair⊥ ⊤〉,
associated to the erroneous entry of the previous trace for
minmax. Intuitively, it determines the extraction of a slice
with the expressions that are involved in the computation
of the second argument of Pair (starting from the call to
minmax). The computed slice is shown in Figure 3 where
expressions that do not belong to the slice are grey-colored.

By inspecting the slice, we can check that minmax only
calls to function max which, in turn, calls to functions ite,
a standard conditional, and leq (for “less or equal”). How-
ever, the only case which is not deleted from the definition
of leq can be read as “Z is not less than or equal to any
natural number”, which is clearly wrong. Also, observe that
the slice is particularly useful to understand the subtleties of
lazy evaluation. For instance, function minmax is only called
once, with no recursive call to inspect the tail of the input list
(as a beginner to lazy languages would expect). This moti-
vates the need for powerful tools for debugging and program
understanding in lazy functional (logic) languages.

4. BUILDING THE EXTENDED TRAIL
Braßel et al [4] define an instrumented operational se-

mantics for lazy functional logic programs that generates
the redex trail of a computation. In this section, we extend
this instrumented semantics so that the computed trail also
stores program positions, which are useful to identify pre-
cisely the program location of each expression in the trail.

In order to keep the paper self-contained, in the follow-
ing we present the complete instrumented semantics, also
including our extension to compute program positions. The
instrumented operational semantics is shown in Figure 5.
We distinguish three components in this semantics: the first



component (columns Heap, Control, and Stack) defines the
standard semantics introduced by Albert et al [1], the sec-
ond component (columns Graph, Ref., and Par.) is used to
build the trail [4], and the third component (columns Fun
and Pos) is used to store program positions, i.e., a function
name and a position (within this function).

The semantics obeys the following naming conventions:

Γ, ∆ ∈ Heap :: X → Exp v ∈ Value ::= x | c(vn)

A heap is a partial mapping from variables to expressions2

(the empty heap is denoted by []). The value associated to
variable x in heap Γ is denoted by Γ[x]. Γ[x 7→ e] denotes
a heap with Γ[x] = e, i.e., we use this notation either as a
condition on a heap Γ or as a modification of Γ. In a heap
Γ, a logical variable x is represented by a circular binding of
the form Γ[x] = x. A stack (a list of variable names and case
alternatives where the empty stack is denoted by []) is used
to represent the current context. A value is a constructor-
rooted term or a logical variable (w.r.t. the associated heap).

Definition 4.1 (configuration). A configuration of
the semantics is a tuple 〈Γ, e, S, G, r, p, g,w〉 where Γ ∈ Heap
is the current heap, e ∈ Exp is the expression to be evaluated
(called the control of the semantics), S is the stack, G is a
directed graph (the trail built so far), r and p are references
for the current and parent nodes of e, and g and w denote
the program position of e.

First, let us briefly explain the first component of the se-
mantics (columns Heap, Control and Stack).

Rule varcons is used to evaluate a variable x which is
bound to a constructor-rooted term t in the heap. Trivially,
it returns t as a result of the evaluation.

In order to evaluate a variable x that is bound to an ex-
pression e (which is not a value), rule varexp starts a sub-
computation for e and adds to the stack the variable x. If a
value v is eventually computed and there is a variable x on
top of the stack, rule val updates the heap with x 7→ v.

Rule fun performs a simple function unfolding; here, we
assume that the considered program P is a global parameter
of the calculus.

In order to reduce a let construct, rule let adds the binding
to the heap and proceeds with the evaluation of the main
argument of let. We rename the local variable with a fresh
name in order to avoid variable name clashes.

Rule or non-deterministically evaluates a disjunction by
either evaluating the first or the second argument.

Rule case initiates the evaluation of a case expression by
evaluating the case argument and pushing the alternatives
(f){pk → ek} on top of the stack (together with the current
graph reference, r, see below). If we reach a constructor-
rooted term, then rule select is applied to select the ap-
propriate branch and continue with the evaluation of this
branch. If there is no matching pattern, rule select-f returns
the special symbol Fail (a constructor). If we reach a logical
variable and the case expression on the stack is flexible (i.e.,
of the form f{pk → ek}), then rule guess is used to non-
deterministically choose one alternative and continue with
the evaluation of this branch; moreover, the heap is updated

2Actually, we consider that each mapping x 7→(g,w) e in the
heap also contains the program position (g,w) of expression
e. Since program positions are not relevant for the standard
component of the semantics, we will discuss this point later.

with the binding of the logical variable to the corresponding
pattern. Otherwise, if the case expression on the stack is
rigid, rule guess-f returns Fail.

We now consider the construction of the extended trail.
The trail is a directed graph with nodes identified by refer-
ences3 that are labeled with expressions. In contrast to [4],
our extended trails also add to each node a program position
that uniquely determines its location in the program.

Definition 4.2 (position, program position).
Positions are represented by a sequence of natural numbers,
where Λ denotes the empty sequence (i.e., the root position).
They are used to address subexpressions of an expression
viewed as a tree:

e|Λ = e for all expression e

c(xn)|i.w = xi|w if i ∈ {1, . . . , n}
f(xn)|i.w = xi|w if i ∈ {1, . . . , n}
let x = e in e′|1.w = e|w
let x = e in e′|2.w = e′|w
e1 or e2|i.w = ei|w if i ∈ {1, 2}
(f )case x of {pn → en}|1.w = x|w
(f )case x of {pn → en}|2.i.w = ei|w if i ∈ {1, . . . , n}

Given a program P , we let Pos(P ) denote the set of all pro-
gram positions in P . A program position is a pair (g,w) ∈
Pos(P ) that addresses the subexpression e|w in the right-
hand side of the definition, g(xn) = e, of function g in P .

Note that variables in a let construct or patterns in a case
expression cannot be addressed (since they will not be con-
sidered in the slicing process). While other approaches to
dynamic slicing (e.g., [3]) consider some form of explicit la-
beling for each program expression, our program positions
can be seen as a form of implicit labeling.

In the construction of the extended trail, we adopt the
following conventions:

• We write r 7→ e to denote that the node with reference
r is labeled with expression e. Successor arrows are de-
noted by r 7→

q
which means that node q is the successor

of node r. Analogously, parent arrows are denoted by

r
p
7→ which means that node p is the parent of node r.

• The mapping from nodes to program positions is de-
noted by r 7→(g,w), which means that the label of node
r appears at program position (g,w).

• Often, we write r
p
7→
q

(g,w) e to denote that node r is

labeled with expression e, node p is the parent of r,
node q is the successor of r, and e appears at program

position (g,w). Similarly, we also write r
p
7→ (g,w) e

when the successor node is yet unknown (e.g., in rule
case) or if there is no successor (e.g., in rule select).

• Argument arrows are denoted by x  r which means
that variable x points to node r. This is safe in our
context since only variables can appear as arguments
of function and constructor calls due to normalization.
Hence, these arrows are also called variable pointers.

3The domain for references is not fixed. One can use, e.g.,
natural numbers but more complex domains are possible.



Rule Heap Control Stack Graph Ref. Par. Fun Pos
varcons Γ[x 7→(h,w′) t] x S G r p g w

=⇒ Γ[x 7→(h,w′) t] t S G 1 (x r) r p h w′

varexp Γ[x 7→(h,w′) e] x S G r p g w
=⇒ Γ[x 7→(h,w′) e] e x : S G 1 (x r) r p h w′

val Γ v x : S G r p g w
=⇒ Γ[x 7→(g,w) v] v S G r p g w

fun Γ f(xn) S G r p g w

=⇒ Γ ρ(e) S G[r
p
7→
q

(g,w) f(xn)] q r f Λ

let Γ let x = e1 in e2 S G r p g w

=⇒ Γ[y 7→(g,w.1) ρ(e1)] ρ(e2) S G[r
p
7→
q

(g,w) ρ(let x = e1 in e2)] q r g w.2

or Γ e1 or e2 S G r p g w

=⇒ Γ ei S G[r
p
7→
q

(g,w) e1 or e2] q r g w.i

case Γ (f )case x of {pk → ek} S G r p g w

=⇒ Γ x ((f){pk → ek}, r) : S G[r
p
7→(g,w) (f )case x of {pk → ek}] q r g w.1

select Γ c(yn) ((f){pk → ek}, r
′) : S G r p g w

=⇒ Γ ρ(ei) S G[r
p
7→(g,w) c(yn), r′ 7→

q
(h,w′)] q r′ h w′.2.i

select-f Γ c(yn) ((f){pk → ek}, r
′) : S G r p g w

=⇒ Γ Fail S G[r
p
7→(g,w) c(yn), r′ 7→

q
] q r′

guess Γ[y 7→(g,w) y] y (f{pk → ek}, r
′) : S G r p g w

=⇒ Γ[y 7→( , ) ρ(pi), yn 7→( , ) yn] ρ(ei) S G[r
p
7→
q

(g,w) LogV ar, q
r′

7→( , )ρ(pi), s r′ h w′.2.i

y  r, r′ 7→
s

(h,w′)]

guess-f Γ[y 7→(g,w) y] y ({pk → ek}, r
′) : S G r p g w

=⇒ Γ[y 7→(g,w) y] Fail S G[r
p
7→(g,w) LogV ar, y  r, r′ 7→

s
] s r′

success-c Γ c(xn) [] G r p g w

=⇒ Γ ⋄ [] G[r
p
7→(g,w) c(xn)] 2 r

success-x Γ[x 7→(g,w) x] x [] G r p g w

=⇒ Γ[x 7→(g,w) x] ⋄ [] G[r
p
7→(g,w) LogV ar, x r] 2 r

where in varcons: t is constructor-rooted
varexp: e is not constructor-rooted and e 6= x
val: v is constructor-rooted or a variable with Γ[v] = v
fun: f(yn) = e ∈ P and ρ = {yn 7→ xn}
let: ρ = {x 7→ y} and y is fresh
or: i ∈ {1, 2}
select: i ∈ {1, . . . k}, pi = c(xn) and ρ = {xn 7→ yn}
select-f: 6 ∃i ∈ {1, . . . , k} such that pi = c(xn)
guess: i ∈ {1, . . . k}, pi = c(xn), ρ = {xn 7→ yn}, and yn are fresh

Figure 5: Small-step instrumented semantics



Given a configuration 〈Γ, e, S, G, r, p, g, w〉, the basic idea of
the graph construction is to record in every step the current
control, e, at the current reference, r, with parent p and pro-
gram position (g,w). Similarly to the heap, we use G[r 7→ e]
either as a condition on a graph G or as a modification of G.
A brief explanation for each rule of the semantics follows:

(varcons and varexp) Since these rules are used to perform
a variable lookup in the heap, a new variable pointer for
x is added to the graph—if it does not yet contain such
a pointer—to denote that the value of x is needed in the
computation. For this, auxiliary function “1” is introduced:

G 1 (x r) =

�
G[x r] if 6 ∃r′. (x r′) ∈ G

G otherwise

which is used to take care of sharing: if the value of a variable
was already demanded, no new variable pointer is added
to the graph. In the derived configuration we update the
current program position with that of the expression in the
heap (h, w′) introduced by rule let (see below).

(val) It is only used to update the value of x in the heap.
The associated program position for the binding is also up-
dated with the current program position (g,w).

(fun) Whenever this rule is applied, a new node r is added
to the graph. This node is labeled with the function call
f(xn), has parent p, successor q (a fresh reference), and pro-
gram position (g,w). In the new configuration, r becomes
the parent reference and the fresh reference q represents the
current reference. Trivially, we reset the program position
to (f, Λ) since the expression in the control of the derived
configuration is the complete right-hand side of function f .

(let) It proceeds in a similar way as the previous rule by
introducing a new node for the (renamed) let expression.
As for program positions, the binding x 7→(g,w.1) e1 intro-
duced in the heap is labeled with the program position of
e1. This is necessary to recover its program position when
rules varcons and varexp move this expression to the control.
The program position in the new configuration is updated
to (g,w.2) to address the expression e2 of the let.

(or) Similarly to the previous rule, a new node for the
disjunction is introduced in the graph. Clearly, the program
position of the derived configuration is (g,w.i) where i ∈
{1, 2} refers to the selected disjunct.

(case) This rule adds to the graph a new node r labeled
with a case expression. We set p as the parent of r but
include no successor since it will not be known until the
case argument is evaluated to head normal form. For this
reason, reference r is also stored in the stack (together with
the case alternatives) so that rules select, select-f, guess, and
guess-f may eventually set the right successor for r. The
program position of the derived configuration is updated to
(g, w.1) to address the case argument.

(select) This rule adds a new node r labeled with the com-
puted value c(yn) for the case argument. It sets p as the
parent of r but includes no successor since values are fully
evaluated. Reference r′ in the stack is used either to set
the right successor for the case expression that initiated the
subcomputation (the fresh reference q) and to update the
program position of the derived configuration, i.e., (h, w′).

(select-f) This rule applies when there is no matching
branch in the case expression. Since the control of the de-
rived configuration contains the special symbol Fail (which
does not occur in the program), we set the null program
position ( , ) as the current program position.

(guess) It proceeds in way similar to rule select. The main
difference is that the computed value is a logical variable.
Here, we add a new node r to the graph labeled with a
special symbol LogV ar, and whose successor is a node q

labeled with the selected binding for the logical variable.
Observe that patterns (and their local variables) introduced
by instantiation do not have an associated program position,
i.e., they do not belong to Pos(P ).

(guess-f) It applies when we have a logical variable in the
control and (the alternatives of) a rigid case expression on
top of the stack. Similarly to rule select-f, we set the current
program position of the derived configuration to ( , ).

(success-c) and (success-x) These rules are only introduced
to add a node with the final result of the computation. They
apply to configurations in which the stack is empty (thus,
there are no pending subcomputations) and the control con-
tains a value. In the derived configuration, we put the spe-
cial symbol ⋄ to denote that no further steps are possible.

Clearly, the instrumented semantics is a conservative ex-
tension of the original small-step semantics of [1], since the
last five columns of the calculus impose no restriction on
the application of the standard component of the semantics
(columns Heap, Control, and Stack).

In order to perform computations, we construct an initial
configuration and (non-deterministically) apply the rules of
Figure 5 until a final configuration is reached:

Definition 4.3 (initial configuration). An initial
configuration has the form 〈[], main, [], G∅, r,2, , 〉, where
G∅ denotes an empty graph, r a reference, 2 the null refer-
ence, and ( , ) a null program position (since there is no call
to main from the right-hand side of any function definition).

Definition 4.4 (final configuration).
A final configuration has the form: 〈∆, ⋄, [], G, 2, p, , 〉,
where ∆ is a heap containing the computed bindings and G

is the extended redex trail of the computation.

We denote by =⇒∗ the reflexive and transitive closure of
=⇒. A derivation C =⇒∗ C′ is complete if C is an initial
configuration and C′ is a final configuration.

Example 4.5. Consider again function leq of Ex. 3.1,
together with the initial call (leq Z (S Z)). The normalized
flat program is as follows (the program positions of some
selected expressions are shown in the right column):4

main = let x1 = Z [let : (main, Λ), Z : (main, 1)]
in let x2 = S x3 [S x3 : (main, 2.1)]
in let x3 = Z [Z : (main, 2.2.1)]
in leq x1 x2 [leq x1 x2 : (main, 2.2.2)]

leq x y = fcase x of [fcase : (leq, Λ), x : (leq, 1)]
{Z -> True; [False : (leq, 2.1)]
S n -> fcase y of

{Z -> False;

S m -> leq n m} }

The complete computation with the rules of Fig. 5 is shown
in Fig. 6, where we consider natural numbers as references
(with initial reference 0). For clarity, each computation step
is labeled with the applied rule and, in each configuration, G
denotes the graph of the previous configuration. The com-
puted trail is depicted in Figure 7.

4Recall that function leq did not appear normalized in Ex-
ample 3.1 for clarity. Also, the bug is now corrected.



〈[],main,[],G∅,0,2, , 〉

=⇒fun 〈[],let x1 = Z in let x2 = (S x3) in let x3 = Z in leq x1 x2,[], G[0
2

7→
1

( , ) main],1,0,main,Λ〉

=⇒let 〈[x1 7→(main,1) Z], let x2 = (S x3) in let x3 = Z in leq x1 x2,[],

G[1
0
7→
2

(main,Λ) let x1 = Z in let x2 = (S x3) in let x3 = Z in leq x1 x2],2,1,main,2〉

=⇒let 〈[x1 7→(main,1) Z, x2 7→(main,2.1) (S x3)],let x3 = Z in leq x1 x2,[],

G[2
1
7→
3

(main,2) let x2 = (S x3) in let x3 = Z in leq x1 x2],3,2,main,2.2〉

=⇒let 〈[x1 7→(main,1) Z, x2 7→(main,2.1) (S x3), x3 7→(main,2.2.1) Z],leq x1 x2,[],

G[3
2
7→
4

(main,2.2) let x3 = Z in leq x1 x2],4,3,main,2.2.2〉

=⇒fun 〈[x1 7→(main,1) Z, x2 7→(main,2.1) (S x3), x3 7→(main,2.2.1) Z],fcase x1 of {Z→True;

(S n)→fcase x2 of {Z→False;(S m)→leq n m}},[], G[4
3
7→
5

(main,2.2.2) leq x1 x2],5,4,leq,Λ〉

=⇒case 〈[x1 7→(main,1) Z, x2 7→(main,2.1) (S x3), x3 7→(main,2.2.1) Z],x1,
[(f{Z→True;(S n)→fcase x2 of {Z→False;(S m)→leq n m}},5)]

G[5
4
7→

(leq,Λ)
fcase x1 of {Z→True; (S n)→fcase x2 of {Z→False;(S m)→leq n m}}],6,5,leq,1〉

=⇒varcons〈[x1 7→(main,1) Z, x2 7→(main,2.1) (S x3), x3 7→(main,2.2.1) Z],Z,
[(f{Z→True;(S n)→fcase x2 of {Z→False;(S m)→leq n m}},5)], G[x1  6],6,5,main,1〉

=⇒select 〈[x1 7→(main,1) Z, x2 7→(main,2.1) (S x3),x3 7→(main,2.2.1) Z],True,[], G[6
5
7→(main,1) Z, 5 7→

7 (leq,Λ)
],7,5,leq,2.1〉

=⇒success〈[x1 7→(main,1) Z, x2 7→(main,2.1) (S x3),x3 7→(main,2.2.1) Z], ⋄,[],G[7
5
7→(leq,2.1) True],2,7, , 〉

Figure 6: An example computation with the instrumented semantics

The correctness of the original trail is proved in [4]. Now,
we state the correctness of the computed program positions.

Theorem 4.6 (program positions).
Let P be a program and (C =⇒∗ C′) a complete derivation
in P , where G′ is the graph in the final configuration C′. If
(r 7→(g,w) e′) ∈ G′, then either (g = w = ) or g(xn) = e ∈
P with e|w = e′ (up to variable renaming).

5. COMPUTING THE SLICE
In this section, we formalize the concept of dynamic back-

ward slice and introduce a method to compute it from the
extended redex trail.

A dynamic slice is defined as a set of program positions:

Definition 5.1 (dynamic slice).
Let P be a program. A dynamic slice for P is a set W of
program positions such that W ⊆ Pos(P ).

In our approach, we are not interested in producing exe-
cutable slices but in computing the program positions of
the program expressions that influence the slicing criterion.
This is enough for our purposes, i.e., for showing the original
program with some distinguished expressions.

In the literature of dynamic slicing for imperative pro-
grams, the slicing criterion usually identifies a concrete point

main
let x1=Z
(main,/\)

leq
(main,2.2.2)

  
Z

(main,1)

fcase
(leq,/\)

 

let x2=S x3
(main,2)

True
(leq,2.1)

let x3=Z
(main,2.2)

Figure 7: Trail of the computation in Figure 6

of the execution history, e.g., 〈n = 2, 81, x〉, where n = 2 is
the input for the program, 81 denotes the first occurrence of
statement 8 in the execution history, and x is the variable
we are interested in [19]. In principle, it is not difficult to
extend this notion of slicing criterion to a strict functional
language. For instance, we could define a slicing criterion as
a pair 〈f(vn), π〉, where f(vn) is a function call that occurs
during the execution of the program (whose arguments are
fully evaluated since we consider a strict language) and π is
a restriction on the output of f(vn).

Unfortunately, extending this notion to a lazy functional
language is not trivial at all. For instance, identifying a
function call f(en) of the actual execution is impractical
since en are usually rather complex expressions. As an al-
ternative, if a tracing tool that shows function calls with
fully evaluated arguments is available (like the tracing tool
of Section 3), we can still consider a slicing criterion of the
form 〈f(vn), π〉. In this case, f(vn) should be understood as
“a function call f(en) whose arguments en are evaluated to
vn in the complete computation”. However, this criterion
might be ambiguous. For example, we could have f (2 ∗ 3)
and f (3 ∗ 2) within the same computation, where the argu-
ment of both calls reduces to 6. How can we distinguish one
call from another? We solve this problem similarly to tra-
ditional approaches in imperative programming by adding
a natural number that indicates the occurrence of the given
function call, e.g., 〈f 6, 1, π〉.

Finally, lazy functional logic languages pose a new prob-
lem due to non-determinism: the same function call may
occur several times in the same computation and, moreover,
it can be reduced to different values in a non-deterministic
way. Consider, e.g., the following function definitions:

main = coin + coin

coin = Z or (S Z)

Here, main can be non-deterministically reduced to (S Z)

in two ways: either by reducing the leftmost call to Z and
the rightmost one to (S Z) or vice versa. In order to iden-



tify a concrete occurrence of the given call, we add another
element to the slicing criterion: the computed value. There-
fore, a slicing criterion is defined as a tuple 〈f(vn), v, l, π〉,
where f(vn) is a function call with fully evaluated argu-
ments, v is its value (in a particular computation), l is the
occurrence of a function call f(vn) that outputs v in the con-
sidered computation, and π is a pattern that determines the
interesting part of the computed value, e.g., 〈coin, Z, 1, π〉.

The connection with the tracing tool described in Sec-
tion 3 should be clear: given a (sub)trace of the form

val1 = f1(v
1
1 , . . . , v1

m)
val2 = f2(v

2
1 , . . . , v2

m)
. . .

valk = fk(vk
1 , . . . , vk

m)

a slicing criterion has the form 〈fi(v
i
1, . . . , v

i
m), vali, l, π〉.

Therefore, the user can easily produce a valid slicing cri-
terion from the trace of a computation. Furthermore, traces
usually contain a special symbol, “ ”, to denote that some
subexpression is missing because its evaluation was not re-
quired in the computation. Consequently, we will also accept
expressions containing this special symbol (see below).

Definition 5.2 (slicing criterion).
Let P be a program and (C0 =⇒∗ Cm) a complete derivation.
A slicing criterion for P w.r.t. (C0 =⇒∗ Cm) is a tuple
〈f(pvn), pv, l, π〉 such that f(pvn) ∈ FCalls is a function
call whose arguments are fully evaluated, i.e., as much as
needed in (C0 =⇒∗ Cm), pv ∈ PValue is a partial value,
l > 0 is a natural number, and π ∈ Pat is a slicing pattern.

The domains FCalls of fully evaluated calls and PValue
of partial values obey the following syntax:

FCalls ::= f(pvn) pv ∈ PValue ::= | x | c(pvk)

where f ∈ F is a defined function symbol (arity n ≥ 0),
c ∈ C is a constructor symbol (arity k ≥ 0), and “ ” is a
special symbol to denote any non-evaluated expression.

The domain Pat of slicing patterns is defined as follows:

π ∈ Pat ::= ⊥ | ⊤ | c(πk)

where c ∈ C is a constructor symbol of arity k ≥ 0, ⊥ de-
notes a subexpression of the value whose computation is not
relevant and ⊤ a subexpression which is relevant.5

As mentioned in Section 3, a slicing criterion of the form
〈f(pvn), pv, l,⊤〉 actually means that we are interested in
the complete evaluation of f(pvn), i.e., a forward slice.

Given a particular derivation (C0 =⇒∗ Cm), in order to
formalize which is the configuration Ci associated to a slicing
criterion, we first need the following abstraction relation:

Definition 5.3 (abstraction).
Let pv1, pv2 ∈ PV alue be partial values. Then, we say that
pv1 is an abstraction of pv2 iff pv1 ⊑ pv2, where the relation
⊑ :: (PValue × PValue → Bool) is defined as follows:

⊑ pv for all pv ∈ PValue
x ⊑ x for all variable x ∈ X

c(pvn) ⊑ c(pvn) if pvi ⊑ pvi for all i = 1, . . . , n

where c ∈ C is a constructor symbol of arity n ≥ 0.

5Our patterns for slicing are similar to the liveness patterns
used to perform dead code elimination [12].

The relation ⊑ is useful to check whether a partial value is
“less defined” than another partial value because of some
occurrences of the special symbol “ ”. Let us illustrate the
abstraction relation with some examples:

c( , ) ⊑ c(a, ) c(a, b) 6⊑ c(a, )
c(a, ) ⊑ c(a, c(a, b)) c(a, ) 6⊑ c(b, )

where a, b, c ∈ C are constructor symbols. If pv1 ⊑ pv2, we
either say that pv1 is an abstraction of pv2 or that pv2 is
more defined than pv1.

We can now formally determine the configuration associ-
ated to a slicing criterion. In the following, given a configu-
ration of the form C = 〈Γ, e, S, G, r, p, g, w〉, we let heap(C) =
Γ, control (C) = e, and stack (C) = S.

Definition 5.4 (SC-configuration).
Let P be a program and (C0 =⇒∗ Cm) a complete derivation
in P . Given a slicing criterion 〈f(pvn), pv, l, π〉, the associ-
ated SC-configuration Ci is the l-th occurrence in (C0 =⇒∗

Cm) of a configuration fulfilling the following conditions:

1. control (Ci) = f(xn),

2. pvi ⊑ val(heap(Cm), xi) for all i = 1, . . . , n, and

3. Ci =⇒∗ Cj , i < j, where

(a) pv ⊑ val(heap(Cm), control (Cj)),

(b) stack (Ci) = stack (Cj), and

(c) 6 ∃k such that i < k < j, stack(Ci) = stack(Ck),
and control (Ck) is a value.

Here, function val :: (Heap× Exp → PValue) is defined by

val(Γ, x) =

8>><>>: x if Γ[x] = x

val(Γ, y) if Γ[x] = y and x 6= y

c(val(Γ, xr)) if Γ[x] = c(xr)
otherwise

Intuitively, the SC-configuration associated to an slicing cri-
terion 〈f(pvn), pv, l, π〉 is the l-th configuration, Ci, of a
computation that fulfills the following conditions: i) the con-
trol of C is f(xn), ii) the variables xn are bound in the com-
putation to expressions which are more defined than pvn,
and iii) the subcomputation that starts from Ci ends with
a configuration that contains a value in the control which
is more defined than pv. Observe that conditions (3.b) and
(3.c) above are only useful to ensure that Ci =⇒∗ Cj is the
complete subcomputation from Ci to a configuration whose
control contains the value of the control in Ci.

In order to formalize the correctness and minimality of a
dynamic slice, we first need to characterize the configura-
tions that contribute to the evaluation of a slicing criterion:

Definition 5.5 (contributing configurations).
Let P be a program and (C0 =⇒∗ Cm) a complete derivation
in P . Let 〈f(pvn), pv, l, π〉 be a slicing criterion and Ci its
associated SC-configuration. The set of configurations that
contributes to 〈f(pvn), pv, l, π〉 in (C0 =⇒∗ Cm) is defined by
contr (Ci, stack(Ci), π, {}), where auxiliary function contr is
shown in Figure 8.

Roughly speaking, contributing configurations are obtained
as follows. First, we collect all configurations in the sub-
computation that starts with the SC-configuration. Once
we reach the final configuration of the subcomputation, we



contr(C, S, π, {(xk , πk)}) =

8>>>><>>>>:{C} ∪ contrvar (C′, {(xk , πk)} ∪ {(yn,⊤)}) if stack(C) = S, control(C) = c(yn), π = ⊤, C =⇒ C′

{C} ∪ contrvar (C′, {(xk , πk)} ∪ {(yn, πn)}) if stack(C) = S, control(C) = c(yn), π = c(πn), C =⇒ C′

contr(C′, S, π, {(xk , πk)}) if control(C) = x, heap(C)[x] 6= x, and C =⇒ C′

{C} ∪ contr(C′, S, π, {(xk , πk)}) otherwise, where C =⇒ C′

contrvar (C, {(xm, πm)}) =

8><>: contr(C, stack(C), πi, {(xm, πm)}) if control(C) = xi, i ∈ {1, . . . , m}, and πi 6= ⊥

{} if control(C) = ⋄

contrvar (C′, {(xm, πm)}) otherwise, where C =⇒ C′

Figure 8: Auxiliary function contr to collect contributing configurations

Col(G, r, π) =

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
{} if π = ⊥

{(g, w)} ∪ Col(G, q, π) if (r 7→
q

(g,w) e) ∈ G, π 6= ⊥, and e is neither constructor-rooted

nor a case expression

{(g, w)} ∪ Col(G, q, π) ∪ Col(G, r′, hnf ) if (r 7→
q

(g,w) (f )case x of {pk → ek}) ∈ G, π 6= ⊥, and (x r′) ∈ G

{(g, w)} if (r 7→(g,w) c(xn)) ∈ G, π = hnf

{(g, w)} ∪
S

i∈{1,...,n} Col(G, ri,⊤) if (r 7→(g,w) c(xn)) ∈ G, π = ⊤, and (xi  ri) ∈ G, i = 1, . . . , n

{(g, w)} ∪
S

i∈{1,...,n} Col(G, ri, πi) if (r 7→(g,w) c(xn)) ∈ G, π = c(πn), and (xi  ri) ∈ G, i = 1, . . . , n

Error if (r 7→ d(xm)) ∈ G, π = c(πn), and c 6= d

Figure 9: Auxiliary function Col to collect program positions

also collect those configurations which are needed to com-
pute the inner subterms of the value according to pattern π.
For this, function contrvar ignores the configurations that
are not related to the slicing criterion and recursively calls
function contr to collect the relevant subcomputations.

Let us note that, although we use configurations of the in-
strumented semantics, only the standard component of these
configurations is considered in the definitions above.

A dynamic slice is correct if the program positions of all
contributing configurations belong to the slice. Formally,

Definition 5.6 (correct slice).
Let P be a program and (C0 =⇒∗ Cm) a complete derivation.
Let 〈f(pvn), pv, l, π〉 be a slicing criterion and Ci its associ-
ated SC-configuration. A program slice W is a correct slice
for P w.r.t. 〈f(pvn), pv, l, π〉 iff for all 〈Γ, e, S, G, r, p, g,w〉 ∈
contr (Ci, stack (Ci), π, {}), there exists a program position
(g, w) ∈ W.

Analogously, a correct slice is minimal if it only contains the
program positions of the contributing configurations:

Definition 5.7 (minimal slice).
Let P be a program and (C0 =⇒∗ Cm) a complete derivation.
Let 〈f(pvn), pv, l, π〉 be a slicing criterion and Ci its asso-
ciated SC-configuration. A program slice W is a minimal
slice for P w.r.t. 〈f(pvn), pv, l, π〉 iff it is correct and, for all
(g, w) ∈ W, there is a configuration 〈Γ, e, S, G, r, p, g, w〉 ∈
contr (Ci, stack (Ci), π, {}).

According to the previous definitions, one could develop a
slicing tool by implementing a meta-interpreter for the op-
erational semantics, defining an algorithm to compute the
contributing configurations and, finally, extracting the pro-
gram positions of these configurations. Our aim in this work,
however, is to compute the slice from the extended redex
trail, since it is already available in existing tracing tools
and contains all the necessary information.

From the extended redex trail, the computation of a dy-
namic backward slice proceeds basically as follows: first, the
node associated to the slicing criterion is identified (the SC-
node, the counterpart of the SC-configuration) and, then,
the set of program positions for the nodes which are reach-
able from the SC-node are collected (the counterpart of the
contributing configurations).

In order to identify the SC-node, we first need to define
an appropriate ordering to traverse the nodes of the graph.

Definition 5.8 (graph traversal). Let G be an ex-
tended redex trail and rmain the reference associated to the
initial function main. The traversal of the graph is given by
the function T (G, rmain), which is defined by T (G, r) =8><>:r; T (G, q) if (r 7→

q
e) ∈ G and e is not a case

r; T (G, r′); T (G, q) if (r 7→
q

(f )case x...)∈G, (x r′)∈G

r otherwise

Roughly speaking, we always follow the successor relation
unless a case expression is found. In this case, we insert
the complete subcomputation before following the successor
relation (compare Figure 4). It can easily be shown that
the graph traversal follows the same evaluation order of the
instrumented semantics in Figure 5.

Definition 5.9 (SC-node).
Let P be a program and (C0 =⇒∗ Cm) a complete deriva-
tion, where G is the graph in Cm. Given a slicing criterion
〈f(pvn), pv, l, π〉, the associated SC-node is the l-th occur-
rence in the traversal T (G, rmain) of a node r fulfilling the
following conditions:

1. (r 7→ f(xn)) ∈ G,

2. pvi ⊑ valr (G, ri), where (x ri)∈G,i = 1, . . . , n, and

3. pv ⊑ valr (G, r).



Here, function valr is defined by6

valr (G, r) =

8>><>>: if r = 2

c(valr (G, ri)) if (r 7→ c(xi)) ∈ G and
(xi  ri) ∈ G, i = 1, . . . , n

valr (G, q) otherwise, where (r 7→
q

e) ∈ G

Observe the parallelism with Definition 5.4. Intuitively, the
SC-node associated to an slicing criterion 〈f(pvn), pv, l, π〉
is the l-th node, r, of a traversal of the graph that fulfills
the following conditions: i) the node r is labeled with f(xn),
ii) the variables xn point to nodes that evaluate (following
the successor chain) to expressions which are more defined
than pvn, and iii) the path starting at r ends in a node
labeled with a value that is more defined than pv.

We now introduce a function to collect the program posi-
tions in the nodes that are reachable from the SC-node.

Definition 5.10 (reachable program positions).
Let G be an extended redex trail, 〈f(pvn), pv, l, π〉 a slicing
criterion, and r its associated SC-node. The set of reachable
program positions of 〈f(pvn), pv, l, π〉 in G is Col(G, r, π),
where function Col is defined in Figure 9.

Intuitively, function Col traverses the extended redex trail
from the SC-node as follows. First, the program positions
of all nodes in the path from the SC-node to its computed
value are collected. Once we reach the value of the SC-
node, we continue inspecting the computation of values for
the variable arguments according to the pattern π. Along
the above paths, whenever we found a node labeled with an
(f )case expression, we also follow the subcomputation for
the case arguments until a head normal form is obtained.

Example 5.11. Consider the (normalized version) of the
program in Example 3.1 and the slicing criterion

〈minmax (Z : ), Pair Z, 1, Pair ⊥ ⊤〉

Then, we compute the redex trail of Fig. 4 (note that nodes
labeled with let expressions are missing for readability, since
they play no relevant role at this point). The associated SC-
node is shown in Fig. 10 with a shadowed box, together with
all reachable nodes and its associated program positions. The
computed slice is the one already shown in Fig. 3.

The following theorem states the correctness and minimality
of our dynamic backward slices.

Theorem 5.12 (correctness and minimality).
Let P be a program, (C0 =⇒∗ Cm) a complete derivation,
and G the graph in Cm. Let 〈f(pvn), pv, l, π〉 be a slicing
criterion and r its associated SC-node. Then Col(G, r, π) is
a correct and minimal slice for P w.r.t. 〈f(pvn), pv, l, π〉.

6. NOTES ON THE IMPLEMENTATION
An implementation of a debugging tool for the declarative

multi-paradigm language Curry [10] has been undertaken. It
combines both tracing and slicing by extending a previous
tracer for Curry programs [4]. The extension of the tracing
tool to additionally perform slicing has proceeded as follows.
Firstly, we extended the meta-interpreter that generates the

6For simplicity, in the following we assume that, if there is
no r such that (x r) ∈ G, then (x 2) ∈ G.

trail in order to include program positions. Program posi-
tions are added in such a way that they do not interfere with
the tracing tool. The extended redex trail is stored in a file
that is then loaded in by the viewer (the tool that shows
the traces of Section 3). Secondly, we implemented a new
function in the viewer that, given a slicing criterion, com-
putes the reachable nodes from the associated SC-node and
returns their program positions. We are currently working
on the addition of a text editor to show the source program
as well as the computed slices.

An interesting extension of this work consists in adapt-
ing our developments to pure functional languages. For in-
stance, Haskell tracers (e.g., [18, 21]) usually rely on some
program transformation to instrument a source program so
that its execution—under the standard semantics—generates
the associated redex trail. The inclusion of program posi-
tions within these approaches can also be done in a similar
way as in our approach. Then, the implementation of a dy-
namic slicer mainly amounts to implement an algorithm to
compute reachable nodes in a graph.

7. RELATED WORK
Despite the fact that the usefulness of slicing techniques

is known for a long time in the imperative paradigm, there
are very few approaches to program slicing in the context of
declarative languages. In the following, we review the clos-
est to our work. Reps and Turnidge [17] presents a static
backward slicing algorithm for first-order strict functional
programs. This work is mainly oriented to perform special-
ization by computing (static) slices for part of a function’s
output, which is specified by means of a projection. How-
ever, it only considers a fixed slicing criterion: the output of
the whole program. Biswas [2, 3] considers a higher-order
strict functional language and develops a technique for dy-
namic backward slicing based on labeling program expres-
sions and, then, constructing an execution trace. Again,
only a fixed slicing criterion is considered (although the ex-
tension to more flexible slicing criteria is discussed).

Liu and Stoller [12] define an algorithm for static back-
ward slicing in a first-order strict functional language, where
their main interest is the removal of dead code. Although
the underlying semantics is different (lazy vs. strict), our
slicing patterns are inspired by their liveness patterns.

Recently, Hallgren [7] presented—as a result of the Pro-
gramatica project—the development of a slicing tool for
Haskell. Although there is little information available yet, it
seems to rely on the construction of a graph of functional de-
pendences (i.e., only function names and their dependences
are considered). Therefore, in principle, it should produce
bigger—less precise—slices than our technique.

The closest approach is the forward slicing technique for
lazy functional logic programs introduced by Vidal [20], where
a partial evaluator is extended in order to perform slic-
ing. Since partial evaluation naturally supports partial data
structures, the distinction between static/dynamic slicing is
not necessary (the same algorithm can be applied in both
cases). This generality is a clear advantage, but also implies
a loss of precision in general (i.e., the computed slices are
not generally minimal). Moreover, only forward slicing is
considered, which is less useful for debugging.

Therefore, our work can be considered as the first ap-
proach to dynamic backward slicing in the context of a mod-
ern lazy functional (logic) language like Curry (or Haskell).
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Figure 10: Reachable nodes for program minmax w.r.t. 〈minmax (Z : ), Pair Z, 1, Pair ⊥ ⊤〉

8. CONCLUSIONS AND FUTURE WORK
In this work, we have presented a new scheme to perform

dynamic slicing in lazy functional logic programs which is
based on redex trails. For this purpose, we have introduced
a non-trivial notion of slicing criterion which is adequate in
the context of lazy evaluation. We have also formalized the
concept of dynamic backward slicing and have shown that
forward slicing can be regarded as a particular case of back-
ward slicing. We have defined the first (correct and minimal)
dynamic slicing technique for the considered language and,
finally, we have shown how tracing (based on redex trails)
and slicing can be combined into a single framework.

There are several interesting topics for future work. On
the one hand, we plan to define appropriate extensions in
order to cover the additional features of Curry programs
(higher-order, constraints, built-in functions, etc). On the
other hand, we will investigate the definition of appropriate
methods for the static slicing of functional logic programs.
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